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ABSTRACT

This paper introduces a computationally efficient method for
the emulation of nonlinear analog audio circuits by combin-
ing state-space representations, constraint stabilization, and con-
vex quadratic programming (QP). Unlike traditional virtual ana-
log (VA) modeling approaches or computationally demanding
SPICE-based simulations, our approach reformulates the nonlinear
differential-algebraic (DAE) systems that arise from analog circuit
analysis into numerically stable optimization problems. The pro-
posed method efficiently addresses the numerical challenges posed
by nonlinear algebraic constraints via constraint stabilization tech-
niques, significantly enhancing robustness and stability, suitable
for real-time simulations. A canonical diode clipper circuit is pre-
sented as a test case, demonstrating that our method achieves ac-
curate and faster emulations compared to conventional state-space
methods. Furthermore, our method performs very well even at
substantially lower sampling rates. Preliminary numerical experi-
ments confirm that the proposed approach offers improved numer-
ical stability and real-time feasibility, positioning it as a practical
solution for high-fidelity audio applications.

1. INTRODUCTION

Contrary to traditional engineering disciplines, in which the em-
brace of digital signal processing has ushered near theory-perfect
implementations of filtering and conditioning, audio signal pro-
cessing seeks to emulate the richness and character of analog cir-
cuitry. This richness often arises from imperfections and nonlin-
earities inherent to analog components and their interactions. The
prevalent approach to emulate this behavior has been through the
design of virtual analog (VA) filters [1], which combine discrete-
time linear system theory in the frequency domain with carefully
crafted, expert-informed nonlinearities to mimic analog filter struc-
tures. The primary limitation of this approach, aside from its re-
liance on extensive domain-specific knowledge, is that it originates
from a fundamentally linear perspective, overlooking the inher-
ently nonlinear behavior of semiconductor devices.

An alternative approach, rooted in electrical engineering prac-
tice, is to employ SPICE-based simulations [2] for high-fidelity
emulation of analog circuits. Nevertheless, this method results in
large-scale nonlinear differential-algebraic systems of equations
(DAE) that are computationally prohibitive for real-time imple-
mentations. Yeh et al. [3, 4] proposed a balanced strategy by repre-
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senting analog circuits as differential-algebraic equations (DAE),
wherein the differential components remain linear. Further ad-
vancements by Holters and Zolzer [5, 6] streamlined the deriva-
tion process and allowed for more intricate nonlinear interactions.
Nonetheless, these approaches still require iterative solutions to
nonlinear algebraic equations at every simulation step, severely
hindering real-time applicability for complex circuits.

Machine learning-based methods, such as [7] or the ones now
utilized by commercial products such as Native Instruments’ Gui-
tar Rig [8], have demonstrated promising capabilities in replicating
complex nonlinear audio circuit behaviors. These methods achieve
remarkable real-time efficiency and accurate emulation by lever-
aging trained neural networks. However, such techniques often
sacrifice interpretability, depend heavily on extensive high-quality
training data, and lack flexibility when applied to generalized cir-
cuit configurations.

A similar computational challenge has been addressed effec-
tively in the simulation of rigid body dynamics, particularly in han-
dling nonlinear algebraic constraints arising from interactions such
as bodies coming into contact. Notably, Baumgarte [9] introduced
a stabilization method wherein nonlinear equality constraints in
DAEs are replaced with dynamic stability conditions. This trans-
forms the constraints into a set of stabilized Ordinary Differential
Equations (ODEs), simplifying numerical integration significantly.

Another successful contribution in the rigid body dynamics
domain was in the convex approximation of the originally non-
linear optimization problems inherent to those systems. The initial
success of the MuJoCo simulator [10], for example, was partly due
to its ability to efficiently convexify nonlinear optimization prob-
lems, allowing high-fidelity simulations at low sampling rates in
real time.

This work introduces modifications to Yeh’s original DAE-
based formulation, integrating ideas from Holters’ and Zolzer’s
generalizations. It also draws inspiration from stabilization and
optimization techniques established in rigid body dynamics simu-
lations, particularly Baumgarte’s stabilization method and convex
quadratic programming formulations, to propose a numerically ro-
bust and computationally efficient method suitable for real-time
nonlinear audio circuit simulation with stability guarantees.

2. MATHEMATICAL BACKGROUND

Our proposed method relies on linear control systems theory and
numerical optimization. Here we present the main concepts needed.
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2.1. Linear Time-Invariant (LTI) State-Space Systems

A linear time-invariant (LTI) system in state-space form is gener-
ally described by the equations:

x(t) = Ax(t) + Bu(t), (1a)

y(t) = Cx(t) + Du(t), (1b)

where x(t) € R" represents the state vector, u(t) € R™ is the
input vector, and y(t) € RP is the output vector [11]. A, B, C,
and D are constant parameter matrices that define the system’s dy-
namics and input-output relationships. In most cases, the explicit
time dependence of the quantities can be ignored for simplicity.

2.1.1. Internal and Input-Output (BIBO) Stability

An LTI system is said to be internally stable if and only if all eigen-
values of the system matrix A have strictly negative real parts [11],
that is, Re{\;} < 0, V A; € o(A). Internal stability implies that,
no matter the initial condition of the state, there is a guaranteed
asymptotic and exponential convergence to the origin x = 0. A
system matrix whose eigenvalues satisfy this condition is referred
to as Hurwitz.

Additionally, an LTI system is Bounded-Input Bounded-
Output (BIBO) stable if every bounded input, |Ju|| < a € RY
¥Vt > 0, produces a bounded output, ||y| < b € R{ Vt > 0.
For continuous-time LTI systems, BIBO stability is ensured if the
system matrix is Hurwitz. Notably, however, the converse is not
true.

2.2. Baumgarte’s Stabilization Technique

Baumgarte’s stabilization method [9] was initially proposed for
stabilizing holonomic and nonholonomic constraints in rigid body
dynamics. When simulating multibody dynamics, constraints typ-
ically appear as nonlinear algebraic equations, often leading to nu-
merical drift and instability.

Consider a general nonlinear equality constraint of the form:

g (x(t),t) =0, )

where g : R" x R — R"™ represents a vector of nonlinear con-
straints. Direct numerical integration of the DAE system derived
from this constraint can accumulate numerical errors, causing con-
straint drift.

Baumgarte proposed augmenting the constraint equations with
additional stabilization terms derived from control theory princi-
ples. Specifically, the stabilization method modifies the constraint
into a second-order dynamic correction form:

g (x(t),t) + 208 (x(t),t) + g (x(t),t) =0,  (3)

which can be interpreted as the linear system:

HE R @)

where a and (3 are stabilization parameters chosen to ensure con-
vergence and stability, i.e. to ensure that the linear system is Hur-
witz. This technique transforms the original DAE into a stabilized
ODE, thus enhancing numerical robustness.

2.3. Convex Quadratic Programming (QP)

Convex quadratic programming refers to the optimization problem
of minimizing a convex quadratic objective function subject to lin-
ear equality and inequality constraints, defined as [12]:

min %XT Qx + c'x (5a)
st AcgX = beg, (5b)
iAineqX < bineq, (5¢)

where Q is a symmetric positive semidefinite matrix, c is a vector
defining linear cost terms, and Acq, beq, Aineq, Dineq define the
equality and inequality constraints, respectively.

2.3.1. Feasibility Problems

A special case of quadratic programming arises when the objective
function is constant or absent. This scenario is known as a feasi-
bility problem [12], aiming solely to determine whether a solution
satisfying all given constraints exists:

find x (6a)
s.t. AcgX = beg, (6b)
Aineqx S bineq~ (60)

In the further special case when only linear equality con-
straints are present, the feasibility problem simplifies to solving
a linear system of equations:

Acgx = beg- @)

This reduces the computational complexity and simplifies the so-
lution methods.

3. PROPOSED METHOD

We start from the problem as stated by Yeh et al. in [3], in which
analog circuits can be described by the DAE:

%x = Ax + Bu + Ci, (8a)
v = Dx + Eu + Fi, (8b)
i—f(v), (8¢)

where (8a) and (8b) can be considered as a state-space LTI sys-
tem with u and i as inputs. The nonlinearities are attributed to
active devices, which include semiconductors and vacuum tubes.
The semiconductor devices are (assumed to be) modeled as a com-
bination of voltage-controlled nonlinear current sources (8c) rep-
resenting the PN and NP junctions present in their construction,
in accordance with Shockley’s original approximation [13], along
with passive circuit elements according to the desired model com-
plexity. In minimal coordinates, the state vector x corresponds to
voltages across capacitors and currents through inductors. How-
ever, deriving equations in this selection of state variables is usu-
ally difficult, as it requires a manual manipulation of quantities
that yields dense matrices. The modifications proposed by Holters
and Zolzer in [5] use a larger set of state variables to simplify and
open up the possibility to automatize the derivation of equations
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[6], drawing inspiration from sparse description methods in circuit
analysis. As this work focuses on the fundamentals of the problem
statement, we will not discuss the issue of selecting an appropriate
coordinate system for equation derivation simplification. We will,

however, use their idea to collect all the nonlinear terms v, i in the
single vector q = € R". Under this definition, the DAE

described in (8a)-(8c) changes to:

x =Ax+ Bu+ Gq, (9a)
Hq = Dx + Eu, (9b)
i—-f(v)=02mn(q) =0, (9¢)

where both (9b) and 7 (q) = 0 allow for implicit linear and non-
linear relationships between semiconductor currents and voltages,
and nonlinear quantities in general. In previous works, this would
be the step in which an integration scheme is proposed and imple-
mented, followed by solving the problem as a discrete-time LTI
system with a nonlinear equality constraint, implying that the non-
linear algebraic equation must be solved before stepping the dy-
namics forward in time. We use the ideas on constraint stabiliza-
tion described in Section 2.2 to propose the following relaxation
of the constraint:

n(q) = dz‘(lq)

q=Kn(q). (10

That is, we reformulate the equality constraint as a homogeneous

LTI system, with K selected as to be Hurwitz. If this is the case

then tlim 1 (q(t)) = 0 and the constraint is exponentially asymp-
— 00

totically satisfied regardless of its initial value, even in the presence
of numerical disturbances. A Hurwitz K matrix is easily achieved
by selecting it as diagonal with negative coefficients. A common
choice is to use the identity matrix scaled by a negative factor.

Directly solving this new problem proves to be challenging
as well, given that in spite of getting rid of the nonlinear algebraic
constraint in (9c), a new linear implicit one was introduced by (9b)
and the dynamics of 7 in (10) are given by an implicit nonlinear
ODE in q, instead of being only dependent on 7). These particu-
larities still need a DAE solver or at least an implicit integration
scheme that allows for a mass matrix, implying that the underly-
ing problem remains numerically problematic. It may need the
inverse of likely numerically unstable matrices which would yield
the problem rigid.

A more natural and numerically tractable statement for the
problem can be obtained via optimization, for which algebraic
constraints are part of the statement itself and the implicit rela-
tionships need not be made explicit before trying for a solution.
First, we use a simple implicit integration scheme such as back-
ward Euler to discretize, but not solve for, the LTI state equation
(9a):

(I — AAt) Xe = Xp—1 + (BAt)uk + (GAt)qk, (11)

where At = 1/f, is the sampling period and the subscript k de-
notes the value of quantities at time step kAt.

Next, we use an explicit scheme to discretize (10) to associate
the nonlinearities only with qx—1 instead of qx:

dn (qr-1)

dq (ak —ak-1) = (KAO)n (qk-1).  (12)

With this, we are then able to define the following convex QP
using xj, and g, as decision variables:

Xk . 1 T T Xk T | Xk
- 2 13
{qk] arg min 5 [x¢ ] Q {qk] te {q;j (13a)

s.t. [I — AAt —GAﬂ |::Z:| = Xp—1 + (BAt)ug,
(13b)

[-D H] Ez] = Euy, (13¢)

dn(ag—1) | [Xk
[0 dq : } {QIJ (13d)
d _
— (A0n(ar) + L= g,
Aineq [z::| S bineq- (136)

Q and c are the constant coefficient matrix and vector, respec-
tively. Alternatively, we can define a new set of decision variables

as zp = {xk], and obtain:
qk

1
Zj = arg min §z;—Qz +c'z (14a)
Zk
s.t.  AcqzZi = beg, (14b)
Aineqzk S bineq, (140)
where
I-AAt —-GAt
Ag=| D H o, (15)
0 dn(ak—1)
dq

Xp—1 + (BAt)uk
beq = Euy, . (16)
(KAt)n (qe-1) + %Z_I)Qkfl

This QP’s solution not only satisfies the constraints imposed
by the original DAE problem but allows for additional flexibil-
ity and safety in the form of the cost function (14a), and linear
inequality constraints (14c). For example, (14c) can be used to
bound q as to ensure that (9a) is BIBO stable, as the (user) input
is assumed to be bounded as well. This can also be done via (14a),
in addition to penalizing state divergence.

In the simplest of cases, for which there are no restrictions on
cost or bounds, the QP reduces to a feasibility problem with only
linear equality constraints which, in turn, reduces to the solution
of the linear system (14b) in each time step. These conditions
make this the competing method to the ones proposed in [3], [5]
and [14], and the fact that it is posed as a linear system avoids
the need of using matrix inversion and allows leveraging efficient
linear solvers, both dense and sparse.

Finally, required circuit outputs can be obtained using:

Yr = Mxy + Lug + Nay, (17

as similarly stated in [3] and [4].
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Figure 1: Schematic of the simple diode clipper used as example,
as proposed in [5].

4. A CANONICAL EXAMPLE

To test the proposed QP method, we reexamined the simple diode
clipper of Figure 1, used as an example for the state-space method
in [5]. Before presenting the specifics of the application of our
proposed method, for comparison purposes, it is worth explicitly
describing the derivation and simulation process of the state-space
method. The system equations are given by:

Xr = Axi—1 + Buy + Czy, (18a)
Yy = Dxi—1 + Eug + Fzg, (18b)
Ak = Dyxp—1 + Equi + Fuzy, (18¢c)
f(qi) = 0. (184)

Note that the terms in both methods need not be the same. For
this particular example, we use those found in [5]:

A=-1, B=0, C=[94x10"° 0], (19a)
D=0, E=0, F=[1 0], (19b)
0 0
88200 1x 1073
D,= ") |, Eq= 0 , (19¢)
88200 1x1073
I, et/ (nVr) _ 1) _ g2
f(q) = (19d)

1. 93/ (nVr) _ q —

In both the state-space method and our method, it is assumed
that the diodes are modeled by Shockley’s equation [13]. For the
IN4148 diode, values of I, = 2.9 x 10~? and n = 1.75 x 10~°
can be extracted from the data-sheet’s voltage-current curves [15],
assuming a typical value of V7 = 25.85 mV.

The implementation of the state-space method uses the previ-
ous state and present input to solve the nonlinear algebraic system
(18¢)-(18d) for zx. Then, zy, is used to propagate (18a)-(18c) for-
ward one step in time, and the process repeats iteratively.

For the proposed QP method, we apply Kirchhoft’s Voltage
Law in loop 1 and Kirchhoff’s Current Law in nodes 1-2 of the
circuit in Figure 1. This yields the equations:

Vb, + Vb, — Ve =0, (20a)
L]_%VC —Ip, —CVe =0, (20b)
IDl - ID2 = 0, (200)

which can then be used to obtain the system’s matrices as

1 1
A=—— =—, G=1|0 0 —-1/C 0 21
RC7 RC7 [ / ] ) ( a)
1 1 0 O 1 0
O O T s
M=1, L=0, N=[0 0 0 0], (21c)
g3 — I, edt/(nVr) _ 4
n(q) = as— L. (e ove _ 1) | K =—(1/A1)I,
(21d)
dn (q) A _eq1/(nVr) 0 % 0
dq nVr 0 _ 42/ (nVT) 0 nIVT ’
Qle)
under the following definitions:
xr = VC, u = ‘/ina Yy = Vout - VCa (223)
¢1=Vp,, q@=Vbp,, qs=1Ip,, qa=1Ip,. (22b)

These matrices are then used along with Q = I, ¢ = 0, and
Aineq = 0 in (14a)-(14c) to iteratively solve for the state and
nonlinear quantities of the clipper.

The QP method finds the same solution as the state-space me-
thod, as shown in Figure 2. However, the zoomed-in compari-
son presented in Figure 3 shows that the QP method adheres more
closely to the results obtained with SPICE. It is important to men-
tion that, for both the state-space and QP methods, we used the
same maximum number of iterations and error threshold for the
numerical solvers, in order to have a fair comparison between their
performance. Given this, the differences in the outputs could be
explained by the modification in (10), which acts as a stabiliz-
ing term for the nonlinear algebraic constraint, and thus, the QP
method is only subject to the numerical disturbances associated
with the integration scheme.

Z.
—~ -2
=
= = SPICE
-4 — State-space
6 . . . . . ; ; )
0 50 100 150 200 250 300 350 400

time [ms]

Figure 2: Comparison of the clipper’s output for SPICE, state-
space and QP methods for a 5V, 10 Hz sine wave, using fs = 44.1
kHz and zero initial conditions.

To quantitatively measure the observed differences in Figure 3,
we calculated the squared error between the output obtained via
SPICE and the results of both state-space and QP methods. This
is shown in Figure 4, where the QP method consistently outper-
formed the state-space method in terms of approximation noise.
Note that in both cases this noise is likely to be inaudible. Figure 5
shows that this behavior extends to lower sampler rates, for which
the QP still performs adequately even after a down-sampling fac-
tor of 128, thus presenting a strong case for its use in real-time
applications. Figure 6 shows how down-sampling can affect the
output of the state-space method, which involves both magnitude
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and phase. The output of the QP method, on the other hand, re-
mains practically unaffected.

-4.7
48
=
= 49 == SPICE
— State-space
-5 —QP

68 70 72 74 76 78 80 82 84
time [ms]

Figure 3: Zoomed-in comparison of the clipper’s output for
SPICE, state-space and QP methods for a 5 'V, 10 Hz sine wave,
using fs = 44.1 kHz and zero initial conditions.

¢2(t) [dBV]

—— State-space

—QpP

0 50 100 150 200 250 300 350 400
time [ms]

Figure 4: Comparison of the squared error between SPICE and
the state-space method and between SPICE and the QP method,
using fs = 44.1 kHz.
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m
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s 150 ——S8 32x downsampling

&7 —— QP 32x downsampling
8] — — -SS 128x downsampling

— - .QP 128x downsampling
i

0 50 100 150 200 250 300 350 400
time [ms]

Figure 5: Comparison of the squared error between SPICE and the
state-space (SS) method and between SPICE and the QP method,
using fs = 44.1/32 and fs = 44.1/128 kHz.

== SPICE
— State-space
—QP

0 20 40 60 80 100 120 140 160 180
time [ms]

Figure 6: Comparison of the clipper’s output for SPICE, state-
space and QP methods for a 5 'V, 10 Hz sine wave, using fs =
44.1/80 kHz and zero initial conditions.

Preliminary testing in MATLAB showed that the convergence
time of both methods was in the same order of magnitude. The
performance of the QP method can be boosted by turning the QP
into a feasibility problem with only linear equality constraints by
using Q = 0 in addition to Aineq = 0. This is equivalent to only
solving the linear problem (14b) for each iteration, and it allows
for a convergence time of an order of magnitude less than the state-
space method.

Finally, we conducted additional experiments using input
waves at different frequencies. Figures 7 - 8 show the clipper’s
output for both methods with inputs at 1 and 100 Hz, respectively.
It is important to notice that, qualitatively, both methods still fol-
low the waveform obtained by SPICE. However, the error plots
show that the QP method peforms better, as before.

(a)

2 T
.o
.
—~ 2
ot
= mm SPICE
4r = State-space |7
—QP
6 . . . . . . n
0 0.5 1 15 2 25 3 35 4
time [s]
(b)
0 T
= -100
g
— -200
=
“u -300 State-space
QP
n
5

2
0 0.5 1 1.5 2 25 3 3
time [s]

Figure 7: (a) Comparison of the clipper’s output for SPICE, state-
space and QP methods for a 5V, 1 Hz sine wave, using fs = 44.1
kHz and zero initial conditions. (b) Comparison of the squared
error between SPICE and the state-space method and between
SPICE and the QP method, for the same conditions as in (a).

(a)

2 T
—_— O 1
~.
— -2 x
Nl
> mmm SPICE
4 = State-space |
—QP
-6 L
0 5 10 15 20 25 30 35 40
time [ms]
-50 (k‘))
=100
/M
= 150
=
“u 200 State-space
— QP
250 . \ . . . | ;
0 5 10 15 20 25 30 35 40
time [ms]

Figure 8: (a) Comparison of the clipper’s output for SPICE,
state-space and QP methods for a 5 'V, 100 Hz sine wave, using
fs = 44.1 kHz and zero initial conditions. (b) Comparison of the
squared error between SPICE and the state-space method and be-
tween SPICE and the QP method, for the same conditions as in

(a).
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5. CONCLUSIONS AND FUTURE WORK

In this work, we presented an innovative approach for emulating
nonlinear analog audio circuits by integrating constraint stabiliza-
tion and convex quadratic programming into state-space models.
Our formulation successfully transforms the computational chal-
lenge of nonlinear algebraic constraints into a numerically stable
optimization framework, providing significant advantages in terms
of robustness and computational efficiency.

Through validation with a canonical diode clipper circuit, the
method demonstrated accuracy comparable to conventional meth-
ods while showing superior stability and performance even at re-
duced sampling rates. The reduction in computational demands
underscores the potential applicability in real-time digital audio
effects, where maintaining audio fidelity without prohibitive com-
putational costs is crucial.

Future work includes extending this method to more complex
analog audio circuits and investigating adaptive schemes for auto-
matic tuning of stabilization parameters, further enhancing numer-
ical performance. Furthermore, if sparse methods are employed
for deriving the circuit’s equations, the QP formulation becomes
amenable to using Krylov subspace methods for efficiently solv-
ing the feasibility problem, or fast sparse QP solvers such as [16]
for the full optimization problem. Additionally, exploring the pos-
sibility of dynamically changing circuit component values within
iterations without significantly impacting performance represents
another promising direction.
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